Abstract. We prove that given a super affine closed subgroup H of a super affine group G over a field k of charctersitic ch k = 2, the dur ksheaf G/H of right cosets is affine if the affine k-group H assocoiated to H is (a) reductive or (b) pro-finite. Especially when G is algebraic, the result in Case (a) gives rise to a positive answer to Brundan's question which was recently discussed by Zubkov [10] .
Introduction
Throughout this paper we work over a fixed field k, whose characteristic ch k is supposed to differ from 2 unless otherwise stated. Let S denote the category of vector spaces graded by the group Z 2 = {0, 1}. It is a k-linear tensor category given the canonical symmetry
where v(∈ V ), w(∈ W ) are supposed to be homogeneous elements of degree |v|, |w|. Algebraic systems in the vector space category are generalized to those in S. The generalized latter are called with super prefixed; for example, commutative (Hopf) algebras in S are called super commutative (Hopf ) algebras. A super k-functor (resp., super k-group functor ) is a set-valued (resp., group-valued) functor on the category of super commutative algebras. Generalizing the subject worked out by Demazure and Gabriel [1] , Zubkov [10] recently defined the notion of (dur) k-sheaves in the super context, and successfully associated a (dur) k-sheaf with universal property to every super k-functor.
A super k-(group) functor is said to be affine if it is representable. It is then represented by a super commutative (Hopf) algebra, say A, and the functor is denoted by Sp A (denoted by SSp A in [10] ). An affine super k-group functor is called a super affine k-group. Let G = Sp A be as such, where A = A 0 A 1 is a super commutative Hopf algebra. It is said to be algebraic (resp., finite) if A is finitely generated as an algebra (resp., finitedimensional). This G, restricted to the category of ordinary commutative algebras, gives rise to the affine k-group G = Sp A which is represented by the largest quotient ordinary Hopf algebra ( 
1.2)
A := A 0 /A 2 1 1 of A; see [4, p.298] . We call G the affine k-group associated to G.
Our main results of this paper are the following two.
Theorem 1.1. Let G be a super affine k-group, and let H is a super affine closed subgroup of G. Then the dur k-sheaf G/H associated to the super k-functor G/H of right cosets is affine, if the affine k-group H associated to H is (a) reductive or (b) pro-finite.
Corollary 1.2. Let G, H be as above, and assume that G is algebraic. Then the super k-sheaf G/H associated to G/H is affine, and coincides with G/H, if H is (a) reductive or (b) finite.
The last result in Case (a) answers in the positive Brundan's question discussed by Zubkov [10] , who proved the same result as Corollary 1.2 in the restricted situation when (a) ch k > 2 and H is reductive or (b) G is finite.
If G is algebraic in the situation above, then H and hence H are algebraic, in which case Condition (b) in Theorem 1.1, which is restated so as by (b) in Theorem 1.4 below, is equivalent to (b) in Corollary 1.2. Therefore, the corollary follows from Theorem 1.1 and the following. A → D is faithfully coflat; see Proposition 2.2 below for some equivalent conditions. In virtue of the equivalence stated above, Theorem 1.1 is translated into Hopf-algebra language as follows. Generalizing [1, III, Sect.3, 7.2] , the main theorem, Theorem 6.2, of [10] states that if a super affine closed subgroup H of a super affine k-group G is normal, then G/H is affine and is a super affine k-group. A Hopf-algebraic counterpart of this result as well as of some others from [10] (published 2009) had been proved by the author in the article [4] published 2005. In the article [4] just cited, an important role was played by the Tensor Product Decomposition Theorem, which will be reproduced in Section 4 as Theorem 4.1, and whose proof will be given there in a refined form because a part of the original proof was not quite well. That theorem plays an important role in this paper as well, to prove Theorem 1.4 above. The proof of Theorem 1.4 is given in the last Section 5, while Proposition 1.3 is proved in Section 3. The two results imply the remaining Theorem 1.1 and Corollary 1.2, as was already noted.
Some basic results on super (co)algebras
As in [4] , we will often write Z 2 to denote the group (Hopf) algebra kZ 2 . Given an ordinary (resp., super) algebra R, we let R M, M R (resp., R S, S R ) denote the categories of left and respectively, right R-modules (resp., those modules in S). If R is super, it is naturally regarded as a right Z 2 -module algebra, which constitutes the algebra R = Z 2 ⋉R of smash product. (b) ⇒ (c): Let e i (i = 1, 2) denote the primitive idempotents in the group (Hopf) algebra kZ 2 . Suppose that e 1 corresponds to the counit ε, so that ε(e i ) = δ i, 1 . We see that R = i=1,2 e i ⊗ R in S R , e 1 ⊗ R ≃ R in S R , and e 2 ⊗ R is a degree shift of R. Therefore, (b) implies that e i ⊗ R (i = 1, 2) are both Noetherian in S R , which in turn implies (c).
(c) ⇒ (a): This is seen if one introduces to R, just as in [4, Page 304, lines 17-18], an alternative, but isomorphic structure in M R .
We have worked above in the 'right case'. In the 'left' case, discuss in parallel, using a mirror.
Lemma 5.1 of [4] characterizes faithfully flat or projective modules over a super algebra. We will dualize the result as far as will be needed. Given an ordinary (resp., super) coalgebra C, we let C M, M C (resp., C S, S C ) denote the categories of left and respectively, right C-comodules (resp., those comodules in S). If C is super, it constitutes the coalgebra C = Z 2 ◮< C of smash coproduct. Note that C S = C M, S C = M C . Proposition 2.2. For an object V in S C , the following are equivalent:
A parallel result holds true for every object in C S. . In fact, (b) ⇒ (c) is obvious. For the converse, let V = Z 2 ⊗ V denote the tensor product in S; this is an object in S C , given the right C-comodule structure arising from that on V . If W ∈ C S, we see that ε ⊗ id ⊗ id :
Next, we give a supplementary result to [4] ; see [9] for a more substantial, supplementary result to [4] , which concerns structure of super cocommutative Hopf algebras. Let R be a super algebra. Let R • denote the dual super coalgebra of R as defined in [4, p.290, line 16]; this consists of those elements in the dual vector space R * which annihilate some super ideal in R of cofinite dimension. Proof. The latter is defined to be the pullback of R * ⊗ R * along the dual R * → (R ⊗ R) * of the product map, which is therefore Z 2 -graded. Each homogeneous element in it annihilates some super ideal in R of cofinite dimension, as is seen from the proof of [6, Proposition 6.0.3], 3) ⇒ 4) ⇒ 1). This proves the lemma.
Remark 2.4. The three results above are generalized as follows, with Z 2 replaced by more general Hopf algebras. Here the characteristic ch k may be arbitrary.
(1) Let J be a finite-dimensional semisimple commutative Hopf algebra, and let R be a right, say, J-module algebra, which constitutes the algebra J ⋉R of smash product. Proposition 2.1 holds for this R, with R, S R replaced by J ⋉ R, M J⋉R .
(2) Let J be a Hopf algebra with bijective antipode, and let C be a right, say, J-comodule coalgebra, which constitutes the coalgebra J ◮< C of smash coproduct. Proposition 2.2 holds in the genralized situation that C S, S C are replaced by the categories C (M J ), (M J ) C (= M J ◮<C ) of left and respectively, right C-comodules in the tensor category M J .
(3) Let R be an algebra graded by a finite group G. Lemma 2.3 is generalized so that if an element in R * annihilates some ideal in R of cofinite dimension, it necessarily annihilates some G-graded ideal of cofinite dimension.
Proof of Proposition 1.3
A super commutative algebra R is said to be Noetherian if super ideals in R satisfy the descending chain condition. By Proposition 2.1, this last condition is equivalent to that R is left or equivalently, right Noetherian ring.
Lemma 3.1. Let R → A be a map of super commutative algebras, with which A is regarded as a super algebra over R. Assume that A is finitely generated over R, and R is Noetherian. Then, A is Noetherian, and is finitely presented over R in the super sense as defined in [10, Page 721, line 4-6].
Proof. Let P = k[x 1 , ..., x n ] denote a polynomial algebra in finite indeterminates, and let T = ∧(V ) denote the exteior algebra of a finite-dimensional vector space V . It suffices to prove that the super commutative algebra R ⊗ P ⊗ T is Noetherian, since A is a homomorphic image of such a super algebra over R. By (the proof of) Hilbert's Basis Theorem, R ⊗ P is Noetherian. This implies each sub-quotient R ⊗ P ⊗ ∧ i (V ) of R ⊗ P ⊗ T is Noetherian, which in turn implies the desired Noetherian property.
Let A be a super commutative Hopf algebra, whose coalgebra structure maps will be denoted by Here, B + = B ∩ Ker ε. Given a quotient A → D, a → a, A coD is defined by
Proof of Proposition 1. 
The original proof given in [4] was divided into 0-affine case and general case. As the proof in the latter case was not quite well, we will refine it below. To start we need to recall some argument in 0-affine case.
The dual super coalgebra A • of A (see Lemma 2.3) is a super cocommutative Hopf algebra. Let 
in which the first arrow is the canonical map. It is proved in [4, Proof in 0-affine case, pp. 300-301] that (4.6)
is necessarily such an isomorphism as claimed by Part 1 of the theorem above; as in [4] , an isomorphism of this form will be said to be admissible. We will identify X with the dual basis of W A given the corresponding total order. In this case we write
Proof in general case. Let A be in general.
(1) Let F = F A denote the set of those pairs (B, X) in which B is a 0-affine super Hopf subalgebra of A, and X is a totally ordered basis of W B . This set is ordered with respect to the ⊂ defined in (4.8). Given a directed subset {(B α , X α )} α of F, the directed union B := α B α is a super Hopf subalgebra of A such that B = α B α , W B = α W Bα ; see (4.7) and [4, Proposition 4.3(3) ]. This implies that the inductive limit lim − → α ψ Xα gives an isomorphism on B such as claimed by the theorem.
By Zorn's Lemma we have a directed subset G = {(B α , X α )} α of F which is maximal with respect to inclusion. Set B = α B α . The argument in the preceding paragraph shows that it suffices to prove B = A. Assume B A on the contrary. As in the original proof we have a pair (B ′ , X ′ ) in F and a 0-affine super Hopf subalgebra C ⊂ A such that
This B α C is a 0-affine super Hopf subalgebra of A. Since B α ∩ C = B ′ , it follows from the proof of [4, Proposition 4.7] that
Choose arbitrarily a total order on Y , and extend the orders on X α , Y to a total order on X α ⊔ Y , uniquely so that X α < Y (that is, x < y if x ∈ X α , y ∈ Y ). Then the pair is in F. The subset G joined with all pairs given in (4.9) forms a directed subset of F which properly includes, contradicting the maximality of G. Therefore, we must have B = A, as desired.
(2) Let f : A → D be as in the theorem. Let F ′ A denote the subset of F A consisting of those pairs (B, X) in which X decomposes as X = X ′ ⊔ X ′′ so that W f : W A → W D is injective on the subspace spanned by X ′ , and vanishes on X ′′ . Let {(B α , X α )} α be a maximal directed subset of F ′ A , which exists by Zorn's Lemma. By modifying the proof of (1) above, it follows that A = α B α . We see that E := {(f (B α ), f (X ′ α ))} α is a directed subset of F D , where we suppose X α = X ′ α ⊔ X ′′ α as above, and f (X ′ α ) has the total order inherited from X ′ α . Moreover, the isomorphisms lim − → α ψ Xα on A, and . For our proof in Case (a), we need the following lemma, which immediately follows from Theorem 4.1. T . Recall that we may suppose that A is finitely generated, whence dim W A < ∞. Then it follows by Lemma 5.2(2) that A → D restricts to a counitpreserving surjection R → T with nilpotent kernel, say I. Suppose I r = 0 with r > 0. For each 0 ≤ i < r, AI i is naturally regarded as a (D, R)-Hopf module, or in notation, AI i ∈ S D R . Therefore, AI i /AI i+1 ∈ S D T , whence it is D-injective. This implies that the short exact sequence 6. Notes added after the first submission 6.1. Afterthought. After I posted to the arXiv the original version of this paper on January 27, 2010, I found that Theorems 1.1 and 1.4 can be generalized to a large extent, as follows, by slightly modifying the original proofs.
Let G, H be as in Theorem 1.1. Let G, H denote the affine k-groups associated to G, H, respectively. Recall that H is a affine closed subgroup of G. 
